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. (5 points each)
(a) How many ways can we arrange the letters in the “MATHEMATICS”?

(b) How many 16-bit words contain exactly six 1’s?
2. Prove that there are infinitely many primes.

3. Let G(V, E) be a loop-free connected planar graph with »n vertices, m > 2 edges,
and r regions. Based upon the result of Euler’s Theorem: n — m + r = 2, please

show that 37 <2m and m <3n— 6.
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4. Show a combinatorial proof for [’H— ] = (n) £ 2[n+ J + ( nz}’ where n

Zpz2,

5. Provethat Y j2/”" =1.2° +2:2' +3.27 +...+m:2"" =(m—-1)2" +1by

J=l

Mathematical Induction.

6. Letd={1,2,3,...,32, 33, 34}, i.e., 4 contains the integers ranging from 1 to 34,

and H be any subset of 4 with ‘H ‘ = 18. Prove that there must exist x, y € H such

that the sum of x and y is 35. (Hint: You may use the Pigeonhole principle.)

7. Suppose that B = {x, a, b, ¢, d}. Please answer the following questions.
(a) How many closed binary operations on B have d as the identity?
(b) Among the closed binary operations of part (a), how many are commutative?

(¢) How many closed binary operations on B have an identity?
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8. (5 points each)

(a) Derive a recursive definition for S, =1+2+...tn>n21.

(b) Assume that n = 2%, for some positive integer k. Solve the recurrence

relation T(n) = 2-T(%) + n, where T(1) = 1.

9. Suppose Z denotes the set of all integers. Let the relation IT on Z X Z be defined
by the rule (x, y) I1 (z, w) ifx +w=y +2z.
(a) Prove that IT is an equivalence relation.

(b) Show the equivalence classes of IT in the plane.

10. Let the universal set U= {1,2,3,4,5,6,7,8,9,10}. Given 4 = {5, 10}, B= {2, 3,
4,6,7},C=1{6,7,8,9,10},and D = {3, 6, 9}. Please compute
(a) AN B
() (D-C)UB
(c) C—4
(d) Ax(BuD)
() Dx A




